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Abstract—The application of shifted Chebyshev polynomials of the second kind to the construction
of the thin-body theory is considered. Some basic and additional recurrence relations for Chebyshev
polynomials are given. Arbitrary-order moments are obtained for the first and second derivatives of a
tensor field and for some expressions. Several equations of motion expressed in terms of the moments of
displacement and rotation vectors are derived for the moment theory; a number of constitutive relations
of the zeroth approximation are obtained.
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The application of shifted orthonormal Chebyshev polynomials to the construction of various variants of
the thin-body theory is discussed.

It is well known that the classical orthogonal polynomials (the Legendre polynomials, the Chebyshev poly-
nomials of the first and second kind, etc.) remain orthogonal under linear transformations of orthogonality
intervals, i.e., any interval (in particular, the interval [0, 1]) can be chosen, if needed, as an orthogonality
interval. We are interested in the interval [0, 1], since like in [2–5] we use a nonclassical (new) parametrization
of a thin body region such that the transverse coordinate x3 belongs to [0, 1] and since the tensor fields are
expanded in this interval with the aid of Fourier–Chebyshev series in x3. For this interval the basic recur-
rence relations for the Chebyshev polynomials of the second kind are given in the literature; these relations
are used to obtain some additional relations important for the construction of various variants of the thin-
body theory. As a matter of fact, this paper generalizes the Vekua method to the construction of classical
and nonclassical thin-body theories with and without consideration of a metric in thickness with the aid of
Chebyshev polynomials.

1. BASIC RECURRENCE RELATIONS
The polynomials

Un(x) = [1/(n + 1)] T ′
n+1(x), −1 ≤ x ≤ 1, n ∈ N0 (1)

are called the Chebyshev polynomials of the second kind [1, 6] on the interval [−1, 1]. Here N0 is the set of
natural numbers, Tn(x) = cos(n arccos x) are the Chebyshev polynomials of the first kind, −1 ≤ x ≤ 1, and
n ∈ N0. In our further discussion, we are interested in shifted Chebyshev polynomials. Based on (1), these
polynomials can be defined by the formula

U∗
n(t) = Un(2t − 1) =

{
1/

[
2
√

t(1 − t)
]}

sin[(n + 1) arccos (2t − 1)], 0 ≤ t ≤ 1, n ∈ N0.

The functions

F ∗(r, t) = 1/[(1 + r)2 − 4rt], h∗(x) = 2
√

t(1 − t), |r| ≤ 1, 0 ≤ t ≤ 1 (2)

are the generating and weighting functions for these polynomials, respectively.
The basic relations of interest can be obtained with the aid of the generating function (2) as is done, e.g.,

in [7] when finding the recurrence relations for the Legendre polynomials. Obviously, these basic relations
can first be derived for the polynomials Un(x) and then for the polynomials U∗

n(t) by substituting 2t − 1,
0 ≤ t ≤ 1, for x. As a result, we come to the following basic relations:

4tU∗
n(t) = U∗

n−1(t) + 2U∗
n(t) + U∗

n+1(t), 2tU∗′

n (t) = 2nU∗
n(t) + U∗′

n−1(t) + U∗′

n (t), n ≥ 1;

U∗′

n (t) = 4nU∗
n−1(t) + U∗′

n−2(t), n ≥ 2.
(3)
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142 NIKABADZE

2. ADDITIONAL RECURRENCE RELATIONS

These additional relations can be obtained on the basis of (3) in the same way as similar relations for
the Legendre polynomials [2]. Therefore, here we do not consider their derivation and write down the most
important of them:

22stsU∗
k (t) =

2s∑

p=0

Cp
2sU

∗
k−s+p(t), k − s ≥ 0, k ∈ N0; (4)

22(k+1)tk+1U∗
k (t) =

2k+2∑

p=1

Cp
2k+2U

∗
p−1(t), k ∈ N0; (5)

22(k+s)tk+sU∗
k (t) = −

s∑

q=2

Cq−2
2k+2sU

∗
s−q(t) +

2k+2s∑

p=s

Cp
2k+2sU

∗
p−s(t), k ∈ N0, s ≥ 2; (6)

22stsU∗
m(t)U∗

n(t) =
m∑

p=0

2s∑

q=0

Cq
2sU

∗
n−m−s+2p+q(t), n − m − s ≥ 0; (7)

U∗′

n (t) = 4
[(n−1)/2]∑

k=0

(n − 2k)U∗
n−(2k+1)(t) = 4

[(n−1)/2]∑

k=0

(2k + 1 + a)U∗
2k+a(t), n ≥ 1; (8)

U∗′′

n (t) = 24

[(n−2)/2]∑

k=0

(k + 1)(n − k)[n − (2k + 1)]U∗
n−(2k+2)(t)

= 22

[(n−2)/2]∑

k=0

(2k + 2 − a)
[
(n + 1)2 − (2k + 2 − a)2

]
U∗

2k+1−a(t), n ≥ 2;

(9)

22stsU∗′

n (t) = 4
(n−s−2)/2∑

k=0

2s∑

p=0

(n − 2k)Cp
2sU

∗
n−s−2k−1+p(t) + 4s

2s∑

p=1

Cp
2s U∗

p−1(t)

+ 4
[(n−1)/2]∑

k=(n−s+2)/2

(n − 2k)
[
−

2k+1−(n−s)∑

q=2

Cq−2
2s U∗

2k+1−(n−s)−q(t) +
2s∑

p=s

Cp
2sU

∗
n−s−2k−1+p(t)

]
,

n − s = 2l, l ≥ 0, n ≥ 1, s ≥ 0;

(10)

22stsU∗′

n = 4
(s−a−2)/2∑

k=0

(2k + 1 + a)
[
−

s−2k−a∑

q=2

Cq−2
2s U∗

s−2k−a−q +
2s∑

p=s−2k−a

Cp
2s U∗

p−s+2k+a

]

+ 4
[(n−1)/2]∑

k=(s−a)/2

2s∑

p=0

(2k + 1 + a)Cp
2s U∗

2k+a−s+p, n − s = 2l + 1, l ≥ 0, n ≥ 1, s ≥ 0;

(11)

22stsU∗′

n = 4
[(n−1)/2]∑

k=0

(2k + 1 + a)
[
−

s−2k−a∑

q=2

Cq−2
2s U∗

s−2k−a−q +
2s∑

p=s−2k−a

Cp
2sU

∗
p−(s−2k−a)

]
,

s − n ≥ 1, n ≥ 1;

(12)

22stsU∗′′

n (t) = 24

(n−s−2)/2∑

k=0

2s∑

p=0

(k + 1)(n − k)[n − (2k + 1)]Cp
2sU

∗
n−s−2k−2+p(t)

+ 24

[(n−2)/2]∑

k=(n−s)/2

(k + 1)(n − k)[n − (2k + 1)]
[
−

2k+2−n+s∑

q=2

Cq−2
2s U∗

2k+2−n+s−q(t)

+
2s∑

p=2k+2−n+s

Cp
2s U∗

n−s−2k−2+p(t)
]
, n ≥ 2, n − s = 2l, l ≥ 0, s ≥ 0;

(13)
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APPLICATION OF CHEBYSHEV POLYNOMIALS 143

22stsU∗′′

n = 22

[(n−2)/2]∑

k=0

(2k + 2 − a)
[
(n + 1)2 − (2k + 2 − a)2

]
[
−

s−2k−1+a∑

q=2

Cq−2
2s U∗

s−2k−1+a−q

+
2s∑

p=s−2k−1+a

Cp
2sU

∗
2k+1−a−s+p

]
, n ≥ 2, s − n ≥ 1;

(14)

22stsU∗′′

n (t) = 24

(n−s−3)/2∑

k=0

2s∑

p=0

(k + 1)(n − k)[n − (2k + 1)]Cp
2sU

∗
n−s−2k−2+p(t)

+ 22s
[
(n + 1)2 − s2

] s∑

p=1

Cp
2s U∗

p−1(t) + 24

[(n−2)/2]∑

k=(n−s+1)/2

(k + 1)(n − k)[n − (2k + 1)]

×
[
−

2k+2+s−n∑

q=2

Cq−2
2s U∗

2k+2+s−n−q +
2s∑

p=2k+2+s−n

Cp
2s U∗

n−s−2k−2+p

]
,

n ≥ 2, n − s = 2l + 1, l ≥ 0, s ≥ 0.

(15)

Here a = n−1−2
[

n−1
2

]
and [x] is the integer part of x. Note that, with the exception of (7), relations (3)–(15)

also hold for the orthonormal Chebyshev polynomials {Û∗
k}∞k=0 of the second kind, where Û∗

k = ||U∗
n||−1U∗

k

and ‖U∗
k‖ =

√
π/2 is the norm of U∗

k , and can be proved by induction. Relation (7) can be represented for
orthonormal polynomials in the form

22stsÛ∗
m(t)Û∗

n(t) = Û∗
0

m∑

p=0

2s∑

q=0

Cq
2sÛ

∗
n−m−s+2p+q(t), n − m − s ≥ 0. (16)

Note that a relation for the Chebyshev polynomials of the first kind is given in [6] as an exercise (this
relation is similar to (5)). Some relations obtained from (7) for s = 0 and m = n− 1 as well as for s = 0 and
m = n = k − 1 are also given in [6].

3. TO THE MOMENT THEORY WITH RESPECT TO THE SHIFTED
ORTHONORMAL CHEBYSHEV POLYNOMIALS OF THE SECOND KIND

Let us consider a tensor field F(x1, x2, x3) dependent on the coordinates x1, x2, x3 of the thin-body region
in the case of its new parametrization [3, 4]. By a thin body we mean a three-dimensional body such that
its thickness is less than its width and length and the new parametrization can be applied to the region
occupied by this body. For brevity, instead of F(x1, x2, x3) we will use F(x′, x3), where x′ = (x1, x2) and
x3 ∈ [0, 1]. In addition we assume that the tensor fields under consideration are smooth enough. For example,
F(x′, x3) ∈ Cm(V ∪∂V ), where m ≥ 1, V is the region occupied by the thin body, and ∂V is the boundary of

this region. With respect to the coordinate x3 ∈ [0, 1] and for each fixed point x′ ∈
(−)

S , where
(−)

S is the inner
base surface, the tensor field F(x′, x3) can be expanded in a series in the shifted orthonormal polynomials
{Û∗

k}∞k=0 of the second kind (see [1]). This expansion is of the form

F(x′, x3) =
∞∑

k=0

(k)

F (x′)Û∗
k(x3), x′ ∈

(−)

S , x3 ∈ [0, 1], (17)

where
(k)

F (x′) is the kth coefficient in the expansion of F(x′, x3) in the polynomials {Û∗
k}∞k=0.

Definition 1. The integral

(k)

M(F) =

1∫

0

F(x′, x3)Û∗
k(x3)h∗(x3) dx3, k ∈ N0 (18)

is called the kth order moment of the tensor field F(x′, x3) with respect to the polynomials {Û∗
k}∞k=0.

It is not difficult to prove that the following assertion is valid.
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144 NIKABADZE

Assertion 1. For any tensor fields F(x′, x3) and G(x′, x3) and for any functions α(x′) and β(x′), the
following relation holds:

(k)

M
[
α(x′)F + β(x′)G

]
= α(x′)

(k)

M(F) + β(x′)
(k)

M(G), k ∈ N0.
(19)

Corollary. The moment operator is linear.
Assertion 2. The kth order moment of the tensor field F(x′, x3) with respect to the polynomials {Û∗

k}∞k=0

is equal to the kth coefficient in the expansion of F(x′, x3) in these polynomials with respect to x3:

(k)

M(F) =

1∫

0

F(x′, x3)Û∗
k(x3)h∗(x3) dx3 =

(k)

F (x′), k ∈ N0. (20)

Relation (19) follows from (18), whereas relation (20) can be proved with the aid of (17) and (18) with
consideration of the fact that the polynomials {Û∗

k}∞k=0 are orthonormal.
It is easy to prove the following relations:

(k)

M(∂iF) =

⎧
⎪⎨

⎪⎩

∂I

(k)

F (x′), i = I;
(k)

F
′(x′), i = 3,

(k)

M(∂i∂jF) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂I∂J

(k)

F (x′), i = I, j = J ;

∂I

(k)

F
′(x′), i = I, j = 3;

(k)

F
′′(x′), i = j = 3.

(21)

Here

(k)

F
′ = 2(k + 1)

∞∑

p=k

[
1 − (−1)k+p

](p)

F ,
(k)

F
′′ = 2(k + 1)

∞∑

p=k

(p − k)(k + p + 2)
[
1 + (−1)k+p

](p)

F . (22)

Relations (21) can be generalized as follows:

(k)

M[P
N

(x3)∂p
i ∂q

j F] =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂p
I ∂q

J

(k)

M
[
P

N
(x3)F

]
, i = I, j = J ;

∂I

{(k)

M
[
P

N
(x3)F

]}(q)
, i = I, j = 3;

{(k)

M
[
P

N
(x3)F

]}(p+q)
, i = j = 3.

(23)

Here P
N

(x3) is a polynomial of degree N ; k, N, p, q ∈ N0; and the notation
{(k)

M
[
P

N
(x3)F

]}(m), m ∈ N0,
means that the derivative is taken m times.

In order to prove the relations in the first rows of (21) and (23), we use relation (18). The relations in
the second and third rows of (21) are proved with the aid of (8) and (11), respectively; the relations in the
second and third rows of (23) are proved by induction.

Based on relations (4), (5), and (6) and on the last relation in (23), it is not difficult to prove that

(n)

M
[
(x3)s∂m

3 F
]

=
2s∑

p=0

2−2sCp
2s

(n−s+p)

F
(m)(x′), n − s ≥ 0, s, m ∈ N0;

(n)

M
[
(x3)s∂m

3 F
]

=
2n+2∑

p=1

2−2(n+1)Cp
2n+2

(p−1)

F
(m)(x′), s = n + 1, n, m ∈ N0;

(n)

M
[
(x3)s∂m

3 F
]

= −
s−n∑

q=2

2−2sCq−2
2s

(s−n−q)

F
(m) +

2s∑

p=s−n

2−2sCp
2s

(n−s+p)

F
(m), s ≥ n + 2, n, m ∈ N0.

(24)
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APPLICATION OF CHEBYSHEV POLYNOMIALS 145

The following relations allow us to find the kth order moment for the product of two functions:

(k)

M
[
22s(x3)sfg

]
= Û∗

0

∞∑

n=0

2s∑

q=0

k−s+q∑

p=0

Cq
2s

(n+p)

f
(n+k−s−p+q)

g , k − s ≥ 0, s ≥ 0;

(k)

M
[
22(k+1)(x3)k+1fg

]
= Û∗

0

∞∑

n=0

2(k+1)∑

q=1

q−1∑

p=0

Cq
2k+2

(n+p)

f
(n−p−1+q)

g , k ≥ 0;

(k)

M
[
22(k+s)(x3)k+sfg

]

= Û∗
0

∞∑

n=0

(
−

s∑

q=2

s−q∑

p=0

Cq−2
2(k+s)

(n+p)

f
(n+s−p−q)

g +
2(k+s)∑

q=s

q−s∑

p=0

Cq
2(k+s)

(n+p)

f
(n−s−p+q)

g
)
, s ≥ 2, k ≥ 0.

(25)

These relations can be proved with the aid of (4)–(6) and (16). From the first relation in (25), obviously, an
expression of the kth order moment for the product of two functions can be obtained for s = 0.

4. THE EQUATIONS OF MOTION IN TERMS OF THE MOMENTS
OF DISPLACEMENT AND ROTATION VECTORS
FOR THE NONCLASSICAL (MOMENT) THEORY

In the moment theory of elasticity for nonisothermal processes, as is known [8, 9], the equations in terms
of displacements and rotations can be represented in the case of a homogeneous isotropic medium with a
symmetry center as follows:

(λ + μ − α) graddiv u + (μ + α)Δu + 2α curl ϕϕϕ − b grad θ + ρF = ρ
∂2u
∂t2

,

(γ + δ − β) graddivϕϕϕ + (δ + β)Δϕϕϕ + 2α curl u− 4αϕϕϕ + ρm = J
˜
· ∂2ϕϕϕ

∂t2
.

Here α, λ, μ, β, γ, and δ are material constants; u and ϕϕϕ are the displacement vector and the rotation vector,
respectively; b = a(3λ + 2μ); a is the thermal-expansion coefficient; ρ is the density of the medium; F is
the mass force; and m is the mass moment. In the literature mentioned above, it is assumed that J

˜
= JE

˜
,

where J is a dynamic characteristic and E
˜

is the second-rank unit tensor.
Using the new parametrization of the thin-body region, we can rewrite these equations in the form

[
M
˜

−
M

−
NgP

−
M

gQ
−
N

NP NQ + M
˜

−
M

−
3gP

−
M

(NP∇3 + ∇3NP ) + M
˜

−
3
−
3∇2

3

]
· u + 2α

[
C

−
M

−
NgP

−
M

NP ϕ−
N
r−

3

+ C
−
L

−
M

(
gP

−
M

NP ϕ−
3
−∇3ϕ−

M

)
r−

L

]
− b

(
r

−
MgP

−
M

NP + r
−
3∇3

)
θ + ρF = ρ

∂2u
∂t2

,

[
L
˜

−
M

−
NgP

−
M

gQ
−
N

NP NQ + L
˜

−
M

−
3gP

−
M

(NP∇3 + ∇3NP ) + L
˜

−
3
−
3∇2

3

]
·ϕϕϕ

+ 2α

[
C

−
L

−
M

(
gP

−
M

NP u−
3
−∇3u −

M

)
r−

L
+ C

−
M

−
NgP

−
M

NP u−
N
r−

3

]
− 4αϕϕϕ + ρm = J

˜
· ∂2ϕϕϕ

∂t2
,

(26)

where

M
˜

−
m

−
n = M

˜̃
· ·r

−
mr

−
n , L

˜

−
m

−
n = L

˜̃
· ·r

−
mr

−
n , M

˜̃
=

1
2

(λ + μ − α)
(
C
˜̃ (2)

+ C
˜̃ (3)

)
+ (μ + α)C

˜̃ (1)
,

L
˜̃

=
1
2

(γ + δ − β)
(
C
˜̃ (2)

+ C
˜̃ (3)

)
+ (δ + β)C

˜̃ (1)
, gP

−
M

=
∞∑

s=0

A
(s)

−
P
+
M

(x3)s, gP
−
M

gQ
−
N

=
∞∑

s=0

B
(s)

−
P

−
Q

+
M

+
N

(x3)s,

B
(s)

−
P

−
Q

+
M

+
N

=
s∑

r=0

A
(s−r)

−
P
+
M

A
(r)

−
Q
+
N

, A
(s)

−
P
+
M

=
(
g

−
P
−
N1

− g
−
P
+
N1

)(
g

−
N1
−
N2

− g
−
N1
+
N2

)
. . .

(
g

−
Ns−2
−
Ns−1

− g
−
Ns−2
+
Ns−1

)(
g

−
Ns−1
−
M

− g
−
Ns−1
+
M

)
,

A
(0)

−
P
+
M

= g
−
P
−
M

, NP = ∇P − g
−
3
P∇3 = ∇P − x3g

−
3
+
P
∇3, g3

+
P

= ∂P ln h, C
−
M

−
N =

(
r

−
M × r

−
N

)
· r

−
3 ,

(27)

and C
˜̃ (1)

, C
˜̃ (2)

, and C
˜̃ (3)

are the fourth-rank isotropic tensors [10].
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146 NIKABADZE

From Eqs. (26) and relations (19), (21), (23), and (27) it follows that, in order to represent (26) in terms
of moments, it is necessary to know the moments of the following expressions:

(k)

M
(
gP

−
M

gQ
−
N

NP NQu
)

=
∞∑

s=0

B
(s)

−
P

−
Q

+
M

+
N

{
∇P∇Q

(k)

M
[
(x3)su

]
−

(
g

−
3
+
P
∇Q + g

−
3
+
Q
∇P

)(k)

M′ [(x3)s+1u
]

+ g
−
3
+
P
g

−
3
+
Q

(k)

M′′[(x3)s+2u
]}

,
(k)

M
(
gP

−
M

NP∇3u
)

=
∞∑

s=0

A
(s)

−
P
+
M

{
∇P

(k)

M′[(x3)su
]
− g

−
3
+
P

(k)

M′′ [(x3)s+1u
]}

,

(k)

M
(
gP

−
M

NP u−
n

)
=

∞∑

s=0

A
(s)

−
P
+
M

{
∇P

(k)

M
[
(x3)su−

n

]
− g

−
3
+
P

(k)
u ′

−
n

}
,

(k)

M(∇3u−
n
) =

(k)
u ′

−
n
,

(k)

M(∇2
3u) =

(k)
u ′′.

(28)

Replacing u by ϕ in (28), we come to similar relations for ϕϕϕ and its components ϕ−
n
. It is clear that we can

find the final expressions for (28) on the basis of (21) and (24) for m = 1. Taking into account the resulting
relations for u and u−

n
and for ϕϕϕ and ϕ−

n
, from (26) we obtain the sought-for equations. Obviously, we come

to an infinite system of equations; this system can always be reduced to a finite one with the use of the
reduction method discussed in [11]. Contrary to [11], in this paper we use the Chebyshev polynomials of the
second kind instead of Legendre polynomials, since for the Chebyshev polynomials it is possible to obtain
more compact and general recurrence relations than those for the Legendre polynomials [2]. In addition, the
method used in [11] can be generalized to the case of the moment theory for anisotropic materials. Moreover,
a metric variation in thickness (s 	= 0) can be taken into account; this allows us to choose many methods
for the reduction to a finite system, although in practice it is sufficient to restrict ourselves to the systems
of equations obtained, e.g., for s = 0, 1, 2. This depends on a particular problem and a required accuracy of
approximation.

Note that a number of problems are formulated in [12] for the moment theory when the classical
parametrization of a thin-body region is used in terms of moments of covariant components of the stress and
couple-stress tensors with respect to the Legendre polynomials. In our case, of course, it is not difficult to
make similar formulations of these problems.

5. ON CONSTITUTIVE RELATIONS

We restrict ourselves to considering an arbitrary anisotropic linear elastic medium with a symmetry
center. In our case the constitutive relations can then be represented in the form

P
˜

= C
�

−
M · gP

−
M

NPu + C
�

−
3 · ∂3u− C

˜̃
· ·C

�
·ϕϕϕ − b

˜
θ, μμμ

˜
= D

�

−
M · gP

−
M

NPϕϕϕ + D
�

−
3 · ∂3ϕϕϕ, (29)

where C
�

−
n = C

˜̃
· r

−
n, D

�

−
n = D

˜̃
· r

−
n , C

˜̃
and D

˜̃
are the fourth-rank tensors, C

�
is the third-rank discriminant

tensor, and b
˜

is the second-rank tensor of thermomechanical properties. Note that the first relation in (22)
can be rewritten as

(k)

F
′ = 2(k + 1)

{ N∑

p=k

[
1 − (−1)k+p

](p)

F + [
(+)

F
′ − (−1)k

(−)

F
′]
}

,
(+)

F
′ =

∞∑

p=N+1

(p)

F ,
(−)

F
′ =

∞∑

p=N+1

(p)

F . (30)

Definition 2. The constitutive relations of order s are said to be approximate if they are obtained
from (29) by retaining the first s + 1 terms in the expansion of gP

−
M

.

Let us consider the constitutive relations of the zeroth approximation in terms of moments for a material
homogeneous in x3. By Definition 2, these relations can be found from (29) if gP

−
M

is replaced by δP

M
. Applying

the kth order moment operator to the resulting relations and taking into account (19) and the first relations
in (21) and (30), we come to the sought-for constitutive relations for N ≥ k ≥ 0:

(k)

P
˜ (0)

=
(k)

P
˜

(0,N) + A
�

−
3
(0,k) ·

(+)
u ′ + B

�

−
3
(0,k) ·

(−)
u ′,

(k)
μμμ
˜ (0)

=
(k)
μμμ
˜

(0,N) + K
�

−
3
(0,k) ·

(+)
ϕϕϕ ′ + L

�

−
3
(0,k) ·

(−)
ϕϕϕ ′, (31)
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where

(k)
μμμ
˜

(0,N) = D
�

−
M ·

{
∇

M

(k)
ϕϕϕ − g

−
3
+
M

[k
(k)
ϕϕϕ + 2(k + 1)

N∑

p=k+1

(p)
ϕϕϕ ]

}
+ 2(k + 1)D

�

−
3 ·

{ N∑

p=k

[1 − (−1)k+p]
(p)
ϕϕϕ

}
,

(k)

P
˜

(0,N)(x′) = C
�

−
M ·

{
∇

M

(k)
u (x′) − g

−
3
+
M

[k
(k)
u (x′) + 2(k + 1)

N∑

p=k+1

(p)
u (x′)]

}

+ 2(k + 1)C
�

−
3 ·

{ N∑

p=k

[1 − (−1)k+p]
(p)
u (x′)

}
− C

˜̃
· C
�
·
(k)
ϕϕϕ − b

˜

(k)

ϑ , N ≥ k ≥ 0;

A
�

−
3
(0,k) = C

˜̃
·
[
2(k + 1)

(
r
−
3 − g

−
3
+
M

r
−
M

)
]
, B

�

−
3
(0,k) = C

˜̃
·
[
2(k + 1)(−1)k+1r

−
3

]
; A → K, C → D, B → L.

Here the notation A → K, C → D, and B → L means that the missing relations can be obtained if A,
C, and B are replaced by K, D, and L, respectively. Note that it is not difficult to derive the constitutive
relations in terms of the moments of the sth order approximation. These relations are similar to (31). The
above discussion was published in [13] with minor changes. In this paper we corrected some mistakes detected
in [13].

The expressions for
(+)
u ′,

(−)
u ′,

(+)
ϕϕϕ ′, and

(−)
ϕϕϕ ′ can be derived with the aid of static boundary conditions given

on the face surfaces of a thin body [14]. These expressions can also be obtained from the second and third
relations of (30) if we replace F by u and by ϕϕϕ, respectively. The bounded and unbounded dynamic problems
for the moment thermomechanics of deformable thin solid bodies and the nonstationary temperature problem
are formulated in [14] in terms of moments of (r, N) approximation. The above constitutive relations are
valid only for a medium homogeneous in x3; using (25), however, it is not difficult to obtain similar relations
for an inhomogeneous medium and, hence, to derive the corresponding equations of motion in terms of
moments on the basis of the three-dimensional equations of motion in terms of the stress and couple-
stress tensors. It should be noted that the above and other recurrence relations can be used to come to
the corresponding equations and the corresponding formulations of problems for the thin-body theory of
arbitrary approximation on the basis of any equation of deformable solid body mechanics and any formulation
of problems (in particular, on the basis of Pobedria’s formulation [15, 16]).

ACKNOWLEDGMENTS
This work was supported by the Russian Foundation for Basic Research (project nos. 05–01–00397a and

05–01–00401a).

REFERENCES
1. P. K. Suetin, Classical Orthogonal Polynomials (Nauka, Moscow, 1976) [in Russian].
2. M. U. Nikabadze, “A System of Equations of the Thin-Body Theory,” Vestn. Mosk. Univ., Ser. 1: Mat. Mekh.,

No. 1, 30–35 (2006) [Moscow Univ. Mech. Bull. 61 (1), 1–6 (2006)].
3. M. U. Nikabadze, The Shell Parametrization Based on Two Base Surfaces, Available from VINITI, No. 5588-B88

(Moscow, 1988).
4. M. U. Nikabadze, “Some Geometric Relations in the Theory of Shells with Two Reference Surfaces,” Izv. Ross.

Akad. Nauk, Mekh. Tverd. Tela, No. 4, 129–139 (2000) [Mech. Solids 35 (4), 109–116 (2000)].
5. M. U. Nikabadze, “The Unit Tensors of Second and Fourth Ranks under a New Parametrization of a Shell Space,”

Vestn. Mosk. Univ., Ser. 1: Mat. Mekh., No. 6, 25–28 (2000) [Moscow Univ. Mech. Bull. 55 (6), 1–4 (2000)].
6. Yu. A. Danilov, Chebyshev Polynomials (Editorial, Moscow, 2003) [in Russian].
7. A. N. Tikhonov and A. A. Samarskii, Equations of Mathematical Physics (Mosk. Gos. Univ., Moscow, 1999;

Dover, New York, 1990).
8. V. D. Kupradze, T. G. Gegelia, M. O. Basheleishvili, and T. V. Burchuladze, Three-Dimensional Problems of

the Mathematical Theory of Elasticity and Thermoelasticity (Nauka, Moscow, 1976; North-Holland, Amsterdam,
1979).

9. W. Nowacki, Teoria Sprezystosci (PWN, Warsaw, 1970; Mir, Moscow, 1975); Engl. transl. of the title: Theory of
Elasticity.

10. A. I. Lurie, Nonlinear Theory of Elasticity (Nauka, Moscow, 1980; North-Holland, Amsterdam, 1990).
11. I. N. Vekua, Shell Theory: General Methods of Construction (Nauka, Moscow, 1982; Pitman, Boston, 1985).
12. M. U. Nikabadze and A. R. Ulukhanyan, “Formulations of Problems for a Deformable Thin Three-Dimensional

MOSCOW UNIVERSITY MECHANICS BULLETIN Vol. 62 No. 5 2007



148 NIKABADZE

Body,” Vestn. Mosk. Univ., Ser. 1: Mat. Mekh., No. 5, 43–49 (2005) [Moscow Univ. Mech. Bull. 60 (5), 5–11
(2005)].

13. M. U. Nikabadze, “Application of Classical Orthogonal Polynomials to the Construction of the Thin-Body
Theory,” in Elasticity and Inelasticity (Mosk. Gos. Univ., Moscow, 2006), pp. 218–228.

14. M. U. Nikabadze, “Some Issues Concerning a Version of the Theory of Thin Solids Based on Expansions in a
System of Chebyshev Polynomials of the Second Kind,” Izv. Ross. Akad. Nauk, Mekh. Tverd. Tela, No. 3, 73–106
(2007) [Mech. Solids 42 (3), 391–421 (2007)].

15. B. E. Pobedria, Numerical Methods in the Theory of Elasticity and Plasticity, 2nd ed. (Mosk. Gos. Univ., Moscow,
1995) [in Russian].

16. B. E. Pobedria, S. V. Sheshenin, and T. Kholmatov, Problems in Terms of Stresses (Fan, Tashkent, 1988) [in
Russian].

Translated by O. Arushanyan

MOSCOW UNIVERSITY MECHANICS BULLETIN Vol. 62 No. 5 2007



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


